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Lie systems and superposition rules

Superposition rules and Lie sys

A Riccati equation is a differential equation on R of the form

% = by(t) + ba(E)x + bs(8)x,  bu(t), ba(t), bs(t) arbitrary.
Its general solution, x(t), can be written as

x(t) = X0 O ) =X (1) = kxa) () () =X ()
(x3)(t) = x(2)(t)) = k (x3)(t) = x0)(2)) ’

in terms of different particular solutions x(1y(t), x2)(t), X3)(t) and k € R. So,
we can write

x(t) = ®(x)(t), x2)(t), X3)(t); k)
for & : R® x R — R defined by

X (X — X@) — kx@)(x3) — X))

() 1 k) =
(- x@: X7 4) (x@) — X)) — k (x3) — X))

The function ® is an example of what is referred to as superposition rule.
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Lie systems and superposition rules

Definition

A superposition rule for a system of first-order ordinary differential equations on
N is a function ® : N x N — N, x = ®(xq), . . ., X(m); k), such that the
general solution x(t) of our system can be brought into the form

X(t) = ¢(X(1)(t)7 000 ’X('")(t); k)v

where x(3)(t), ..., x(m)(t) is any generic family of particular solutions and k is a
point of N to be related to initial conditions.

Definition

A Lie system is a system of first-order ordinary differential equations admitting
a superposition rule.

| A

Example

So Riccati equations are Lie systems with a superposition rule

X (e = X)) — kxa(xe —xw) g

®:R3 X R 3 (x1), X2), X3); k) —
(X X2, X2 4) (X3 — X)) — k (x@) — x)
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Lie systems and superposition rules
Characterisation of Lie systems

We can associate every Riccati equation with a t-dependent vector field

% = bi(t) + ba(t)x + bs(t)x* = X(t,x) := (ba(t) + ba(t)x + b3(f)X2)a%’
admitting the decomposition
X(t,x) = bi(£)Xa(x) + ba(t) Xa(x) + bs3(£) X3(x),

where

satisfy the commutation relations
(X1, Xo] = X1, [X1, X5] = 2Xz,  [X2, X5] = Xs.

That is, X1, X2, X3 span a Lie algebra of vector fields Vric ~ s[(2,R).
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Lie systems and superposition rules
Characterisation of Lie systems

We can associate every Riccati equation with a t-dependent vector field

dx

5 = D)+ ba(t)x + bs(t)x* = X(t,x) := (bi(t) + ba(t)x + b3(t)x?) 4

&7
admitting the decomposition
X(t,x) = bi(£)Xa(x) + ba(t) Xa(x) + bs3(£) X3(x),

where

satisfy the commutation relations
(X1, Xo] = X1, [X1, X5] = 2Xz,  [X2, X5] = Xs.

That is, X1, X2, X3 span a Lie algebra of vector fields Vric ~ s[(2,R).

Proposition (Lie 1880)

Every finite-dimensional Lie algebra of vector fields on the real line is locally
diffeomorphic, at a generic point, to a Lie subalgebra of Vgic.
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Lie systems and superposition rules

Every first-order ordinary system of differential equations in normal form
amounts to a t-dependent vector field.

X(t,%) = Sy X (83 5 @%_X(tx) - J
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Lie systems and superposition rules

Every first-order ordinary system of differential equations in normal form
amounts to a t-dependent vector field.

X(t,x) =31, X"(t,x)% = Z—Xt =X(t,x), i=1,...,n.

Lie—Scheffers Theorem (1893)

A system X on N admits a superposition rule depending on m particular
solutions if and only

X = Z ba(t)Xa
a=1

for a family of vector fields Xi,..., X, on N spanning a finite-dimensional Lie
algebra V of vector fields and certain t-dependent functions bi(t), ..., b-(t).
We call V a Vessiot—Guldberg Lie algebra for the Lie system. Additionally, it
holds that mn > r.
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Lie systems and superposition rules

Every first-order ordinary system of differential equations in normal form
amounts to a t-dependent vector field.

X(t,x) =31, X"(t,x)% = Z—Xt =X(t,x), i=1,...,n.

Lie—Scheffers Theorem (1893)

A system X on N admits a superposition rule depending on m particular
solutions if and only

X = Z ba(t)Xa
a=1

for a family of vector fields Xi,..., X, on N spanning a finite-dimensional Lie
algebra V of vector fields and certain t-dependent functions bi(t), ..., b-(t).
We call V a Vessiot—Guldberg Lie algebra for the Lie system. Additionally, it
holds that mn > r.

Proposition

All Lie systems on the real line are locally diffeomorphic to a Riccati equation.
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Lie systems and superposition rules

Vessiot—Guldberg Lie algebras on R?

Primitive Lie algebras

Every Vessiot—Guldberg Lie algebra on R? is locally diffeomorphic around a
generic point to:

# Primitive Basis of vector fields X;

Py A, ~ R x R? Ox, Oy, a(x0x + ydy) + yOx — x0y, >0

Py | sI(2) B, x0x + ydy, (x* — ¥?)0x + 2xy9,

P3 | s0(3) y8, — x8y, (1 + x* — y?)8x + 2xyd,, 2xyd, + (1 + y* — x*),

Py R? x R? Ox, Oy, x0x + y0y, yOx — x0

Ps 50(2) x R? Ox, Oy, x0x — y0Oy, yOx, X0y

Ps | 0l(2) x R? dx, By, xx, ydx, xBy, y9,

Pz | s0(3,1) Dy, By, xOx+ydy, yOx —x0y, (x> — y?)Ox+2xy Dy, 2xyOx+(y* — x*) 0,
Ps | sl(3) Dxs By, X, YOy, xBy, yBy, X2 8y + xy 8y, xyOx + y28,
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Lie systems and superposition rules

# Imprimitive Basis of vector fields X; (r > 1)

I> b2 Ox, xOx

I3 51(2) (type 1) By, X0, X2 By

Iy s1(2) (type 1) By + 8y, x0x + yd,, x*8, + y*9,

I5 51(2) (type 111) By, 2x8y + yd,, x*8, + xyd,

s al(2) (type 1) By, By, xBy, X2

17 gl(2) (type Il) By, yBy, xBy, X205 + xyd,

Ig Bo ~ R x R? By, Oy, x5 + aydy, 0<|a| <1

lg b2 @ b2 Ox, Oy, XOx, yOy

l1o 50(2) @ b2 Ox, Oy, x0x, y0Oy, 20y

l11 50(2) @ s1(2) O, Oy, x0x, y0y, X28X,y28y

I R By, €1(x)dy, - - -, £(x)0y

l13 R x R By, y0y, &1(x)0y, . . ., &(x)0,

l14 R x R" Ox, Mm(x)0y, m2(x)0y, . . ., n(x)0y

I R? X R" O, YOy, m(x)dy, - - ., mr(x)0y

l16 Cl ~ by x R™*! Ox, Oy, x0x + aydy, x0y, ..., x" 9y, a €R

1% R x (R x R") By, By, X8y + (ry + x")8y, x8y, ..., x" 71,

l1g (b2 ® R) x R By, By, xBy, X8y, yBy, X280y, . .., X" D,

l19 s1(2) x R Ox, Oy, x0y, 2x0x + rydy, X200, + rxydy, xzay, .o, x"0y
lao gl(2) x R Ox, Oy, x0x, x0y, yO,, x20y + rxydy, xzay, .., x"0,
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Riccati hierarchy

Projective Riccati equations

Definition
Projective Riccati equations take the form

d¢

a:

bo(X) + C(X)é' + <§, bQ(X)>£7 § € Rn» (1)

where C(x) is a real n x n matrix, and bo(x), b2(x) € R" for every x € R and
(-, -) is the standard Euclidean metric.
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Riccati hierarchy

Projective Riccati equations

Projective Riccati equations take the form

% = bo(x) + C(x)€ + (&, b2(x))&, £eR, (1)

where C(x) is a real n x n matrix, and bo(x), b2(x) € R" for every x € R and
(-, -) is the standard Euclidean metric.

Proposition (Anders-Harnad-Winternitz 1980)

Each projective Riccati equation on R” is a Lie system associated with a
Vessiot-Guldberg Lie algebra V™ ~ sl(n 4+ 1, R).
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Riccati hierarchy

Projective Riccati equations

Projective Riccati equations take the form

% = bo(x) + C(x)€ + (&, b2(x))&, £eR, (1)

where C(x) is a real n x n matrix, and bo(x), b2(x) € R" for every x € R and
(-, -) is the standard Euclidean metric.

Proposition (Anders-Harnad-Winternitz 1980)

Each projective Riccati equation on R” is a Lie system associated with a
Vessiot-Guldberg Lie algebra V™ ~ sl(n 4+ 1, R).

Definition

A projective vector field Z on a pseudo-Riemannian manifold (N, g) is a vector
field Z on N whose flow maps geodesics of the metric g into new geodesics.
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Riccati hierarchy

Projective Riccati equations

Projective Riccati equations take the form

% = bo(x) + C(x)€ + (&, b2(x))&, £eR, (1)

where C(x) is a real n x n matrix, and bo(x), b2(x) € R" for every x € R and
(-, -) is the standard Euclidean metric.

Proposition (Anders-Harnad-Winternitz 1980)

Each projective Riccati equation on R” is a Lie system associated with a
Vessiot-Guldberg Lie algebra V™ ~ sl(n 4+ 1, R).

Definition

A projective vector field Z on a pseudo-Riemannian manifold (N, g) is a vector
field Z on N whose flow maps geodesics of the metric g into new geodesics.

Projective vector fields on R” relative to (-,-) are (3;,&0;, & Y 1_, €0k) with
i,j =1,n. They span a Lie algebra isomorphic to sl(n + 1,R).
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Riccati hierarchy

Superposition rules for the projective Riccati equations

(Proposition Anders-Harnad-Winternitz 1980/1981)

A projective Riccati equation on R” admits a superposition rule in terms of
n + 2 generic particular solutions of the form

Bx+p
VR RS (Eays -5 Emin)i X) €= A € R,
(o Enr2)i X) = € o) T b
where B is an n x n matrix with entries B}’ := &, 0%, §) = (f(lk), . .,f("k))T,

k—term
—~—
ok = det(§a) — &nin)s - - -5 E(ni2) — Entr1)> En) — Eniny)> k=1,

Bx is the matrix multiplication of B with x := (x1,...,Xn) .
o= (o1,... ,U,,)T and

<1 = ZXk) det(§1) = (ntays - - -1 &) — E(ne1))5 p = b&(nia),

k=1

for k,u=1,...,n
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Riccati hierarchy
Conformal Riccati equations

Definition

A conformal Riccati equation takes the form

% = bo(x) + AC)E + 7(X)E + b (x)(€, €)p,g — 2(€, b2(x))E, £ ER,
where v(x) is an x-dependent real function, (A(x)&1, &2)p,q + (€1, A(X)E2)p,g =0
for every £1,& € R", and (-, -) is a metric of signature (p, q) with p+ g = n.
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Riccati hierarchy
Conformal Riccati equations

A conformal Riccati equation takes the form

% = bo(x) + AC)E + 7(X)E + b (x)(€, €)p,g — 2(€, b2(x))E, £ ER,
where v(x) is an x-dependent real function, (A(x)&1, &2)p,q + (€1, A(X)E2)p,g =0
for every £1,& € R", and (-, -) is a metric of signature (p, q) with p+ g = n.

| \

Definition

A conformal vector field Z on a pseudo-Riemannian manifold (N, g) is a vector
field Z on N such that £7g = fzg for a certain function fz.

V.
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Riccati hierarchy

Conformal Riccati equations

Definition

A conformal Riccati equation takes the form

% = bo(x) + A(X)E + Y(x)€ + ba(x)(&, ) p.g — 2(&, ba(X))E, £€R",

where v(x) is an x-dependent real function, (A(x)&1, &2)p,q + (€1, A(X)E2)p,g =0
for every £1,& € R", and (-, -) is a metric of signature (p, q) with p+ g = n.

Definition

A conformal vector field Z on a pseudo-Riemannian manifold (N, g) is a vector
field Z on N such that £7g = fzg for a certain function fz.

Proposition (Anders-Harnad-Winternitz 1981)

Conformal Riccati equations are Lie systems related to a Vessiot—Guldberg Lie
algebra V(P9 of conformal vector fields relative to a flat metric of signature
(p, g) and therefore isomorphic to so(p + 1,q + 1).
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Riccati hierarchy

Conformal Riccati equations

Definition

A conformal Riccati equation takes the form

% = bo(x) + A(X)E + Y(x)€ + ba(x)(&, ) p.g — 2(&, ba(X))E, £€R",

where v(x) is an x-dependent real function, (A(x)&1, &2)p,q + (€1, A(X)E2)p,g =0
for every £1,& € R", and (-, -) is a metric of signature (p, q) with p+ g = n.

Definition

A conformal vector field Z on a pseudo-Riemannian manifold (N, g) is a vector
field Z on N such that £7g = fzg for a certain function fz.

Proposition (Anders-Harnad-Winternitz 1981)

Conformal Riccati equations are Lie systems related to a Vessiot—Guldberg Lie
algebra V(P9 of conformal vector fields relative to a flat metric of signature
(p, g) and therefore isomorphic to so(p + 1,q + 1).

Conformal Riccati equations admit a superposition rule in terms of n+ 1
particular solutions.
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Riccati hierarchy

Definition of the Riccati hierarchy

An s-order Riccati chain equation is a differential equation of the form

Liu+ Zaj(x)LJ;_lu + ap(x) =0, u,x €R, c € R\{0}, seN,

j=1
(2)
where ag(x), ..., as(x) are arbitrary x-dependent real functions,
L*:=Lo---olL(s—times), L2 := u, and L. is the differential operator on the
real line given by

d
Lo .= — , R.
dX—I—cu ce (3)
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Riccati hierarchy

Definition of the Riccati hierarchy

An s-order Riccati chain equation is a differential equation of the form

Liu+ Zaj(x)LJ;_lu + ap(x) =0, u,x €R, c € R\{0}, seN,

j=1

(2)
where ag(x), ..., as(x) are arbitrary x-dependent real functions,
L*:=Lo---olL(s—times), L2 := u, and L. is the differential operator on the
real line given by

d
Lo .= — , R.
dX—I—cu ce (3)

Examples: first- and second-order Riccati chain equations

du ) _
I + cu” + aa(x)u + ao(x) =0,
d? d
d—XZ + (a2(x) + 3cu)d—z + ®u® 4 car(x)v? 4 a1(x)u + ao(x) = 0.
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Riccati hierarchy

Riccati hierarchy and Lie systems

Theorem (Grundland-De Lucas 2016)

An s-order Riccati chain equation (2), when written as a first-order system on
T*~!R, can be mapped onto the projective Riccati equation on R® with

0 0 1 0 e 0 —c
0 0 0 1 e 0 0
bo(x) := . Clx) = s b= e |,
0 0 0 0 e 1 0
—ag(x) —a1() —anld  —a3() ... —an() 0

via a global diffeomorphism
Goc: (U, ) e TR — (y1,...,y:)7 € R®, with T°R := R and

yie(x) == L u(x), k=1,...,s. 4

v
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Riccati hierarchy

Riccati hierarchy and Lie systems

Theorem (Grundland-De Lucas 2016)

An s-order Riccati chain equation (2), when written as a first-order system on
T*~!R, can be mapped onto the projective Riccati equation on R® with

0 0 1 0 e 0 —c
0 0 0 1 e 0 0
bo(x) := . Clx) = s b= e |,
0 0 0 0 e 1 0
—ag(x) —a1() —anld  —a3() ... —an() 0

via a global diffeomorphism
Goc: (U, ) e TR — (y1,...,y:)7 € R®, with T°R := R and

w(x) = Lsu(x),  k=1,...,s. 4)

Proposition

An s-order Riccati chain equation in first-order form admits a Vessiot—Guldberg
Lie algebra VEC of projective vector fields for the flat Riemannian metric

s—1

gl = Zd(Liu) ®d(L'u). (5)

i=0
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Riccati hierarchy

Superposition rule for the Riccati hierarchi
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Riccati hierarchy

Superposition rule for the Riccati hierarchi

Proposition

Every s-order Riccati chain equation, when considered as a non-autonomous
first-order system, admits a superposition rule depending on s + 2 particular
solutions of the form

. [TS_IR]S+2 % RS Ts—lR
_ _ _1 [ Bxtbos,c(t° Lugga)
(t° lu(l), B lu(s+2)a X) —————— d)s,g <Wb(+2))

where B := [¢s,c(t" ' u())]"ok(no sum) and

b:= <1 - Z Xk) det[¢sm(t5_lu(l)) — ¢s,c (87 ”(n+1 ) BRI (i ) — ¢s,c (87
k=1

k—term

Ok = det[¢s,c(t571U(1)) - ¢s,c(t57lu(n+1)), BRI ¢s,c(t57lu(n+2)) — ¢s, c( Sil”(n+1))7
G (T () = Gec (8T Uiy,

fork,u=1,...,s

U(n+1

(6)
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Riccati hierarchy

idim 2 Aoy by

Proposition

The classes I1,P1, Py, Ps, Py, P7, I§7, 155 are the only classes of Lie algebras
of Euclidean vector fields on R?. They are the Lie subalgebras of P7.
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Riccati hierarchy

The classes I1,P1, Py, Ps, Py, P7, I§7, 155 are the only classes of Lie algebras
of Euclidean vector fields on R?. They are the Lie subalgebras of P7.

v

A Vessiot—Guldberg Lie algebra on R? consists of hyperbolic vector fields if and
only if it is diffeomorphic to a Lie subalgebra of I;;, namely
L — 14, I, I, Io — L1, T12, If55.

\
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Lie algebras of Euclidean and hyperbolic vector fields on R? and their inclusion
relations. Lie algebras of projective vector fields are in red.

P; Iil
i b
A
\P4 \ Is Io
. x \A\
Ps I Is Is Ik
R
1A = b2 7 I ~R e~ by I 193 ~ R?
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Riccati hierarchy

Lie algebras of Euclidean and hyperbolic vector fields on R? and their inclusion
relations. Lie algebras of projective vector fields are in red.

1
P 11
! A
T Lo
A

'\P4 \ Is (\149\
P P I(y*l

1 Ir=1

2

! W
r=1 =1 2
laa > b2 s ~ R |'*1 ~ b, ~ R2

I

P3

Proposition

Every Lie algebra of Euclidean and projective vector fields on R? is
diffeomorphic to a Lie subalgebra of Py, P3 or P,.
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Riccati hierarchy

Lie algebras of Euclidean and hyperbolic vector fields on R? and their inclusion

relations. Lie algebras of projective vector fields are in red.

1
P 11
! A

T T1o

. AN
\ \ Is Io
0 1 A N\ -
M . " . lis6
A W
r= 1
! I L~ 15 ~ R?

~
124 = b2 I 1754 =~ b2

P3

Proposition

Every Lie algebra of Euclidean and projective vector fields on R? is
diffeomorphic to a Lie subalgebra of Py, P3 or P,.

Proposition

A Vessiot—Guldberg Lie algebra of vector fields on R? consists of projective
hyperbolic vector fields if and only if it is diffeomorphic to a Lie subalgebra of

I4 or Io.

A\
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Riccati hierarchy

Theorem

A not autonomous second-order Riccati chain equation can be mapped by an
autonomous diffeomorphism into a Euclidean Riccati equation if and only if it
takes the form:

2
4w = —3cug—52u3+f(x)co+co(c1+52)+ {f(x)q +c2/2 - 1} u+[f(x)c+&] <cu2 + E) .
dx? dx dx

(7)
for any non-constant x-dependent function f(x), coefficients c1, co € R such
that ¢2 — 4cpcoc < 0 with ¢, € R\{0}, and any & € R. A not-autonomous
second-order affine Riccati chain equation is diffeomorphic to a Euclidean

Riccati equation if and only if

a) ai(x) = aa(x) =0, & +48 <0  b) ap(x) = au(x) =& = & = 0.
A not autonomous second-order Riccati chain equation is diffeomorphic, as a
first-order system, to a hyperbolic Riccati equation when it takes the form (7)

for ¢ — 4cocac > 0, ¢, ¢ # 0, a non-constant function f(x), and arbitrary
& € R. A not autonomous affine second-order Riccati chain equation is
diffeomorphic to a hyperbolic Riccati equation if and only if it takes the form
(7) forc=0and c; # 0 or

a) ai(x) = aa(x) =0, & +48 >0  b) ap(x) =au(x) =G =& =0

c)Ja=¢c =0,c #0,08 — g =0.
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Riccati hierarchy

Lie systems and Backlund transformations

Let u be a real function on R?. The Sawada—Kotera and Kaup—Kupershmidt
equations take the form

ur + (usx + 30Ut + 60u°), =0,

45
ue + (u4x + 300t + U5 + 60u3) =0,
respectively. Both partial differential equations are related to the linear spectral

problem
Ve + 60V, + (6R — \)V =0, (8)

where W, R : R — R are x-dependent functions and X is a spectral parameter.
More specifically, the linear spectral problem (8) for the SK equations has

R =0 and R = u,/2 for the KK equations. The linear spectral problem gives
rise to the Darboux transformations

(SK) d—u=058logV, (KK) d—u= %aﬁ log(WW,, — %wi +3uW?).
9)
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Riccati hierarchy

It is interesting that the Backlund transformations (9) can be recast in the form

ya + 3L'I+6uy1}

T=u+y —y3 E*u+18
- Y1 Y2, - 2 X y2_y12/2+3u

where y1, y» are solutions to

dy1 2

dx =) Y,

dy»

— =—06 6 — AR) —

dx uyr + ( ) = yye,

which is related to a Vessiot—Guldberg Lie algebra of vector fields Pg ~ sl(3, R).

Backlund transformations for the KK and KS equations do not really depend
on the linear spectral problem, but rather on the associated Riccati projective
equations which contain all the necessary information for their description.
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Riccati hierarchy
Riccati hierarchy and Gambier equations

The second-order differential equation

d?y 3 dy2 3 ,dy 1
@_7<d7x +§yd + y+6uy 22 =0, (10)

where A € R and v is an arbitrary x-dependent function, belongs to G25. For
an arbitrary x-dependent function u(x), this is not a Lie system when written
as a first-order system by adding a new variable v := dy/dx. Indeed, the
related x-dependent vector field

X = vd, + [3v/(4y) — 3y*v/2+ y* /4 — 2))d, + 6uyd,.

gives rise, when u(x) is not a constant function, to an infinite-dimensional Lie
algebra V. In particular,

X1 = vd, + [3V*/(4y) — 3y*v/2 + y* /4 — 2)]9,, X2 =yo, €V,

and their successive Lie brackets make dim V = +o0co. Meanwhile, the contact
transformation

A
YT dzjdx + 222 + 3u
maps (10) into a second-order Riccati chain equation

d?z dz du
F+3zd—+z +6uz+3d——)\ 0.
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