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Superposition rules and Lie systems

A Riccati equation is a differential equation on R of the form

dx

dt
= b1(t) + b2(t)x + b3(t)x2, b1(t), b2(t), b3(t) arbitrary.

Its general solution, x(t), can be written as

x(t) =
x(1)(t)(x(3)(t)− x(2)(t))− k x(2)(t)(x(3)(t)− x(1)(t))

(x(3)(t)− x(2)(t))− k (x(3)(t)− x(1)(t))
,

in terms of different particular solutions x(1)(t), x(2)(t), x(3)(t) and k ∈ R. So,
we can write

x(t) = Φ(x(1)(t), x(2)(t), x(3)(t); k)

for Φ : R3 × R→ R defined by

Φ(x(1), x(2), x(3); k) :=
x(1)(x(3) − x(2))− k x(2)(x(3) − x(1))

(x(3) − x(2))− k (x(3) − x(1))
.

The function Φ is an example of what is referred to as superposition rule.
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Definition

A superposition rule for a system of first-order ordinary differential equations on
N is a function Φ : Nm × N → N, x = Φ(x(1), . . . , x(m); k), such that the
general solution x(t) of our system can be brought into the form

x(t) = Φ(x(1)(t), . . . , x(m)(t); k),

where x(1)(t), . . . , x(m)(t) is any generic family of particular solutions and k is a
point of N to be related to initial conditions.

Definition

A Lie system is a system of first-order ordinary differential equations admitting
a superposition rule.

Example

So Riccati equations are Lie systems with a superposition rule

Φ : R3 × R 3 (x(1), x(2), x(3); k) 7→
x(1)(x(3) − x(2))− k x(2)(x(3) − x(1))

(x(3) − x(2))− k (x(3) − x(1))
∈ R.
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Characterisation of Lie systems

We can associate every Riccati equation with a t-dependent vector field

dx

dt
= b1(t) + b2(t)x + b3(t)x2 ⇒ X (t, x) := (b1(t) + b2(t)x + b3(t)x2)

∂

∂x
,

admitting the decomposition

X (t, x) = b1(t)X1(x) + b2(t)X2(x) + b3(t)X3(x),

where

X1 =
∂

∂x
, X2 = x

∂

∂x
, X3 = x2 ∂

∂x
,

satisfy the commutation relations

[X1,X2] = X1, [X1,X3] = 2X2, [X2,X3] = X3.

That is, X1,X2,X3 span a Lie algebra of vector fields VRic ' sl(2,R).

Proposition (Lie 1880)

Every finite-dimensional Lie algebra of vector fields on the real line is locally
diffeomorphic, at a generic point, to a Lie subalgebra of VRic.
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Every first-order ordinary system of differential equations in normal form
amounts to a t-dependent vector field.

X (t, x) =
∑n

i=1 X
i (t, x)

∂

∂x i
⇐⇒ dx i

dt
= X i (t, x), i = 1, . . . , n.

Lie–Scheffers Theorem (1893)

A system X on N admits a superposition rule depending on m particular
solutions if and only

X =
r∑

α=1

bα(t)Xα

for a family of vector fields X1, . . . ,Xr on N spanning a finite-dimensional Lie
algebra V of vector fields and certain t-dependent functions b1(t), . . . , br (t).
We call V a Vessiot–Guldberg Lie algebra for the Lie system. Additionally, it
holds that mn ≥ r .

Proposition

All Lie systems on the real line are locally diffeomorphic to a Riccati equation.
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Vessiot–Guldberg Lie algebras on R2

Primitive Lie algebras

Every Vessiot–Guldberg Lie algebra on R2 is locally diffeomorphic around a
generic point to:

# Primitive Basis of vector fields Xi

P1 Aα ' RnR2 ∂x , ∂y , α(x∂x + y∂y ) + y∂x − x∂y , α ≥ 0

P2 sl(2) ∂x , x∂x + y∂y , (x2 − y2)∂x + 2xy∂y

P3 so(3) y∂x − x∂y , (1 + x2 − y2)∂x + 2xy∂y , 2xy∂x + (1 + y2 − x2)∂y

P4 R2 n R2 ∂x , ∂y , x∂x + y∂y , y∂x − x∂y

P5 sl(2) n R2 ∂x , ∂y , x∂x − y∂y , y∂x , x∂y

P6 gl(2) n R2 ∂x , ∂y , x∂x , y∂x , x∂y , y∂y

P7 so(3, 1) ∂x , ∂y , x∂x +y∂y , y∂x−x∂y , (x2−y2)∂x +2xy∂y , 2xy∂x +(y2−x2)∂y

P8 sl(3) ∂x , ∂y , x∂x , y∂x , x∂y , y∂y , x
2∂x + xy∂y , xy∂x + y2∂y
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# Imprimitive Basis of vector fields Xi (r ≥ 1)

I2 h2 ∂x , x∂x

I3 sl(2) (type I) ∂x , x∂x , x
2∂x

I4 sl(2) (type II) ∂x + ∂y , x∂x + y∂y , x
2∂x + y2∂y

I5 sl(2) (type III) ∂x , 2x∂x + y∂y , x
2∂x + xy∂y

I6 gl(2) (type I) ∂x , ∂y , x∂x , x
2∂x

I7 gl(2) (type II) ∂x , y∂y , x∂x , x
2∂x + xy∂y

I8 Bα ' R n R2 ∂x , ∂y , x∂x + αy∂y , 0 < |α| ≤ 1

I9 h2 ⊕ h2 ∂x , ∂y , x∂x , y∂y

I10 sl(2)⊕ h2 ∂x , ∂y , x∂x , y∂y , x
2∂x

I11 sl(2)⊕ sl(2) ∂x , ∂y , x∂x , y∂y , x
2∂x , y

2∂y

I12 Rr+1 ∂y , ξ1(x)∂y , . . . , ξr (x)∂y

I13 R n Rr+1 ∂y , y∂y , ξ1(x)∂y , . . . , ξr (x)∂y

I14 R n Rr ∂x , η1(x)∂y , η2(x)∂y , . . . , ηr (x)∂y

I15 R2 n Rr ∂x , y∂y , η1(x)∂y , . . . , ηr (x)∂y

I16 C r
α ' h2 n Rr+1 ∂x , ∂y , x∂x + αy∂y , x∂y , . . . , x

r∂y , α ∈ R
I17 R n (R n Rr ) ∂x , ∂y , x∂x + (ry + x r )∂y , x∂y , . . . , x

r−1∂y

I18 (h2 ⊕ R) n Rr+1 ∂x , ∂y , x∂x , x∂y , y∂y , x
2∂y , . . . , x

r∂y

I19 sl(2) n Rr+1 ∂x , ∂y , x∂y , 2x∂x + ry∂y , x
2∂x + rxy∂y , x

2∂y , . . . , x
r∂y

I20 gl(2) n Rr+1 ∂x , ∂y , x∂x , x∂y , y∂y , x
2∂x + rxy∂y , x

2∂y , . . . , x
r∂y
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Projective Riccati equations

Definition

Projective Riccati equations take the form

dξ

dx
= b0(x) + C(x)ξ + 〈ξ, b2(x)〉ξ, ξ ∈ Rn, (1)

where C(x) is a real n × n matrix, and b0(x), b2(x) ∈ Rn for every x ∈ R and
〈·, ·〉 is the standard Euclidean metric.

Proposition (Anders-Harnad-Winternitz 1980)

Each projective Riccati equation on Rn is a Lie system associated with a
Vessiot–Guldberg Lie algebra VPr

n ' sl(n + 1,R).

Definition

A projective vector field Z on a pseudo-Riemannian manifold (N, g) is a vector
field Z on N whose flow maps geodesics of the metric g into new geodesics.

Projective vector fields on Rn relative to 〈·, ·〉 are 〈∂i , ξj∂i , ξj
∑n

k=1 ξ
k∂k〉 with

i , j = 1, n. They span a Lie algebra isomorphic to sl(n + 1,R).
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Superposition rules for the projective Riccati equations

(Proposition Anders-Harnad-Winternitz 1980/1981)

A projective Riccati equation on Rn admits a superposition rule in terms of
n + 2 generic particular solutions of the form

Ψ : Rn(n+2) × Rn 3 (ξ(1), . . . , ξ(n+2);χ) 7→ ξ :=
Bχ+ ρ

〈σ, χ〉+ b
∈ Rn ,

where B is an n × n matrix with entries Bµk := ξµ(k)σk , ξ(k) := (ξ1
(k), . . . , ξ

n
(k))

T ,

σk := det(ξ(1) − ξ(n+1), . . . ,

k−term︷ ︸︸ ︷
ξ(n+2) − ξ(n+1), ξ(n) − ξ(n+1)), k = 1, . . . , n,

Bχ is the matrix multiplication of B with χ := (χ1, . . . , χn)T ,
σ := (σ1, . . . , σn)T and

b :=

(
1−

n∑
k=1

χk

)
det(ξ(1) − ξ(n+1), . . . , ξ(n) − ξ(n+1)), ρ := b ξ(n+2),

for k, µ = 1, . . . , n.
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Conformal Riccati equations

Definition

A conformal Riccati equation takes the form

dξ

dx
= b0(x) + A(x)ξ + γ(x)ξ + b2(x)〈ξ, ξ〉p,q − 2〈ξ, b2(x)〉ξ, ξ ∈ Rn,

where γ(x) is an x-dependent real function, 〈A(x)ξ1, ξ2〉p,q + 〈ξ1,A(x)ξ2〉p,q = 0
for every ξ1, ξ2 ∈ Rn, and 〈·, ·〉 is a metric of signature (p, q) with p + q = n.

Definition

A conformal vector field Z on a pseudo-Riemannian manifold (N, g) is a vector
field Z on N such that LZg = fZg for a certain function fZ .

Proposition (Anders-Harnad-Winternitz 1981)

Conformal Riccati equations are Lie systems related to a Vessiot–Guldberg Lie
algebra V (p,q) of conformal vector fields relative to a flat metric of signature
(p, q) and therefore isomorphic to so(p + 1, q + 1).

Conformal Riccati equations admit a superposition rule in terms of n + 1
particular solutions.
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Definition of the Riccati hierarchy

Definition

An s-order Riccati chain equation is a differential equation of the form

Ls
cu +

s∑
j=1

αj(x)Lj−1
c u + α0(x) = 0, u, x ∈ R, c ∈ R\{0}, s ∈ N,

(2)
where α0(x), . . . , αs(x) are arbitrary x-dependent real functions,
Ls := L ◦ · · · ◦ L(s − times), L0

cu := u, and Lc is the differential operator on the
real line given by

Lc :=
d

dx
+ c u, c ∈ R. (3)

Examples: first- and second-order Riccati chain equations

du

dx
+ cu2 + α1(x)u + α0(x) = 0,

d2u

dx2
+ (α2(x) + 3cu)

du

dx
+ c2u3 + cα2(x)u2 + α1(x)u + α0(x) = 0.
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Riccati hierarchy and Lie systems

Theorem (Grundland-De Lucas 2016)

An s-order Riccati chain equation (2), when written as a first-order system on
Ts−1R, can be mapped onto the projective Riccati equation on Rs with

b0(x) :=


0
0

· · ·
0

−α0(x)

 , C(x) :=


0 1 0 . . . 0
0 0 1 . . . 0
. . . . . . . . . . . . . . .

0 0 0 . . . 1
−α1(x) −α2(x) −α3(x) . . . −αn(x)

 , b2(x) :=


−c

0
· · ·

0
0

 ,

via a global diffeomorphism
φs,c : (u0), . . . , us−1)) ∈ Ts−1R 7→ (y1, . . . , ys)

T ∈ Rs , with T0R := R and

yk(x) := Lk−1
c u(x), k = 1, . . . , s. (4)

Proposition

An s-order Riccati chain equation in first-order form admits a Vessiot–Guldberg
Lie algebra VRC

s of projective vector fields for the flat Riemannian metric

gRC
s :=

s−1∑
i=0

d(Liu)⊗ d(Liu). (5)
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Riccati hierarchy and Lie systems

Theorem (Grundland-De Lucas 2016)
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0
0

· · ·
0
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 , C(x) :=


0 1 0 . . . 0
0 0 1 . . . 0
. . . . . . . . . . . . . . .

0 0 0 . . . 1
−α1(x) −α2(x) −α3(x) . . . −αn(x)

 , b2(x) :=


−c

0
· · ·

0
0
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Superposition rule for the Riccati hierarchi

Proposition

Every s-order Riccati chain equation, when considered as a non-autonomous
first-order system, admits a superposition rule depending on s + 2 particular
solutions of the form

Ψs : [Ts−1R]s+2 × Rs // Ts−1R

(ts−1u(1), . . . , t
s−1u(s+2), χ) // φ−1

s,c

(
Bχ+bφs,c (ts−1u(s+2))

〈σ,χ〉+b

)
where Bµk := [φs,c(ts−1u(k))]µσk(no sum) and

b :=

(
1−

s∑
k=1

χk

)
det[φs,c (ts−1u(1))− φs,c (ts−1u(n+1)), . . . , φs,c (ts−1u(n))− φs,c (ts−1u(n+1))],

σk := det[φs,c (ts−1u(1))− φs,c (ts−1u(n+1)), . . . ,

k−term︷ ︸︸ ︷
φs,c (ts−1u(n+2))− φs,c (ts−1u(n+1)),

. . . , φs,c (ts−1u(n))− φs,c (ts−1u(n+1))],
(6)

for k, µ = 1, . . . , s.
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Proposition

The classes I1,P1,P2,P3,P4,P7, I
α=1
8 , Ir=1

14 are the only classes of Lie algebras
of Euclidean vector fields on R2. They are the Lie subalgebras of P7.

Proposition

A Vessiot–Guldberg Lie algebra on R2 consists of hyperbolic vector fields if and
only if it is diffeomorphic to a Lie subalgebra of I11, namely
I1 − I4, I6, I8, I9 − I11, I

r=1
14B , I

r=1
15B .
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Lie algebras of Euclidean and hyperbolic vector fields on R2 and their inclusion

relations. Lie algebras of projective vector fields are in red.
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Proposition

Every Lie algebra of Euclidean and projective vector fields on R2 is
diffeomorphic to a Lie subalgebra of P2, P3 or P4.

Proposition

A Vessiot–Guldberg Lie algebra of vector fields on R2 consists of projective
hyperbolic vector fields if and only if it is diffeomorphic to a Lie subalgebra of
I4 or I9.
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Theorem

A not autonomous second-order Riccati chain equation can be mapped by an
autonomous diffeomorphism into a Euclidean Riccati equation if and only if it
takes the form:

d2u

dx2
= −3cu

du

dx
−c2u3 +f (x)c0 +c0(c1 +c̄2)+

[
f (x)c1 + c2

1/2− 1
]
u+[f (x)c2 +c̄2]

(
cu2 +

du

dx

)
.

(7)

for any non-constant x-dependent function f (x), coefficients c1, c0 ∈ R such
that c2

1 − 4c0c2c < 0 with c2 ∈ R\{0}, and any c̄2 ∈ R. A not-autonomous
second-order affine Riccati chain equation is diffeomorphic to a Euclidean
Riccati equation if and only if

a) α1(x) = α2(x) = 0, c̄2
2 + 4c̄1 < 0 b) α0(x) = α1(x) = c̄0 = c̄1 = 0.

A not autonomous second-order Riccati chain equation is diffeomorphic, as a
first-order system, to a hyperbolic Riccati equation when it takes the form (7)
for c2

1 − 4c0c2c > 0, c, c2 6= 0, a non-constant function f (x), and arbitrary
c̄2 ∈ R. A not autonomous affine second-order Riccati chain equation is
diffeomorphic to a hyperbolic Riccati equation if and only if it takes the form
(7) for c = 0 and c2 6= 0 or

a) α1(x) = α2(x) = 0, c̄2
2 + 4c̄1 > 0 b) α0(x) = α1(x) = c̄0 = c̄1 = 0

c) c1 = c̄1 = 0, c1 6= 0, c0 c̄2 − c2 c̄0 = 0.
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Lie systems and Bäcklund transformations

Let u be a real function on R2. The Sawada–Kotera and Kaup–Kupershmidt
equations take the form

ut + (u4x + 30uuxx + 60u3)x = 0,

ut +

(
u4x + 30uuxx +

45

2
u2
x + 60u3

)
x

= 0,

respectively. Both partial differential equations are related to the linear spectral
problem

Ψxxx + 6uΨx + (6R − λ)Ψ = 0, (8)

where Ψ,R : R→ R are x-dependent functions and λ is a spectral parameter.
More specifically, the linear spectral problem (8) for the SK equations has
R = 0 and R = ux/2 for the KK equations. The linear spectral problem gives
rise to the Darboux transformations

(SK) ū− u = ∂2
x log Ψ, (KK) ū− u =

1

2
∂2
x log(ΨΨxx −

1

2
Ψ2

x + 3uΨ2).

(9)
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It is interesting that the Bäcklund transformations (9) can be recast in the form

ū = u + y1 − y 2
2 , ū = u +

1

2
∂x

[
y2 + 3u̇ + 6uy1

y2 − y 2
1 /2 + 3u

]
.

where y1, y2 are solutions to
dy1

dx
= y2 − y 2

1 ,

dy2

dx
= −6uy1 + (6− λR)− y1y2,

which is related to a Vessiot–Guldberg Lie algebra of vector fields P8 ' sl(3,R).

Bäcklund transformations for the KK and KS equations do not really depend
on the linear spectral problem, but rather on the associated Riccati projective
equations which contain all the necessary information for their description.
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Riccati hierarchy and Gambier equations

The second-order differential equation

d2y

dx2
− 3

4y

(
dy

dx

)2

+
3

2
y 2 dy

dx
+

1

4
y 3 + 6uy − 2λ = 0, (10)

where λ ∈ R and u is an arbitrary x-dependent function, belongs to G25. For
an arbitrary x-dependent function u(x), this is not a Lie system when written
as a first-order system by adding a new variable v := dy/dx . Indeed, the
related x-dependent vector field

X = v∂y + [3v 2/(4y)− 3y 2v/2 + y 3/4− 2λ)∂v + 6uy∂v .

gives rise, when u(x) is not a constant function, to an infinite-dimensional Lie
algebra V . In particular,

X1 = v∂y + [3v 2/(4y)− 3y 2v/2 + y 3/4− 2λ]∂v , X2 = y∂v ∈ V ,

and their successive Lie brackets make dimV = +∞. Meanwhile, the contact
transformation

y :=
λ

dz/dx + z2/2 + 3u

maps (10) into a second-order Riccati chain equation

d2z

dx2
+ 3z

dz

dx
+ z3 + 6uz + 3

du

dx
− λ = 0.
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