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Abstract

The Fokas-Gel'fand theorem on the immersion formula of 2D-surfaces is related
to the study of Lie symmetries of an integrable system. A rigorous proof of this
theorem is presented which may help to better understand the immersion
formula of 2D-surfaces in Lie algebras. It is shown, that even under weaker
conditions, the main results of this theorem is still valid. A connection is
established between three different analytic descriptions for immersion
functions of 2D-surfaces, corresponding to the following three types of
symmetries: gauge symmetries of the linear spectral problem, conformal
transformations in the spectral parameter and generalized symmetries of the
integrable system. The theoretical results are applied to the CPN~" sigma
model and several soliton surfaces associated with these symmetries are
constructed. It is shown that these surfaces are linked by gauge
transformations. The Fokas-Gel'fand procedure can also be adapted for
constructing soliton surfaces associated with integrable ODE’s admitting Lax
representations, and applied to ODE’s for the elliptic and Painlevé P1 equations.
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Immersion formulas for soliton surfaces

Let us consider an integrable system of PDEs in two independent variables
X1, X2

Qfu] =0, (1)
where [u] = (x, u(") € J"(X x U). Suppose that the system (1) is obtained as
the compatibility of a matrix LSP written in the form

aqu)(XhXZv)\) - Ua([ulv A)¢(X1,X2,)\) =0, o= 1a2 (2)

In what follows, we assume that the potential matrices U, and the wavefunction
® can be defined on the extended jet space V' = (J", \), where )\ is the spectral
parameter. The compatibility condition of the LSP (2), often called the ZCC

D2U1 - D1 U2 + [U17 U2] - 07 D(x = a(y + u.lj,aau’ja o = 172 (3)

which is assumed to be valid for all values of \, implies (1). The LSP (2) can be
written as
D, o([u], A) — Ua([u], N)®([u], A) = 0. a=1,2 (4)

As long as the potential matrices U, ([u], A) satisfy the ZCC (3), there exists a
group-valued function ® which satisfies (4) and consequently can be defined
formally on the extended jet space N = (J", \).



Immersion formulas for soliton surfaces

A. Fokas and I. Gel'fand [1996] looked for a simultaneous infinitesimal
deformation of the LSP (4) which preserved ZCC (3)

l:J1 Ui Aq
O | = U |+e| A |+06), o0<e<t (5)
& o OF

where the matrices Ui, U, A1, Az and F take values in the Lie algebra g, while
® = ®(/ + ¢F) belong to the corresponding Lie group G. The infinitesimal
deformation of the ZCC (3) requires that the matrix functions A; and A, satisfy

D>Ay — Dy Az + [Aq, Us] + [Us, As] = 0. ()
The infinitesimal deformation of the LSP (4) implies that the function F satisfies
D,F=¢""A,0, a=1,2 (7)

The requirement (6) coincides with the compatibility condition for (7). Fokas and
Gel'fand determined that the necessary condition for the existence of a g-valued
immersion function F of a 2D-surface in g can be expressed in terms of the
matrices U, and A, which satisfy IDZCC (6).



Theorem 1 (Fokas and Gel’fand [1996])

If the matrix functions U, € g, « = 1,2 and ¢ € G of the LSP (4) satisfy the ZCC
(3) and A, € g are two linearly independent matrix functions which satisfy the
IDZCC,

D>Ay — D1 As + [/‘\17 U2] + [U17A2] =0, (8)

then there exists (up to affine transformations) a 2D-surface with a g-valued
immersion function F([u], A) such that the tangent vectors to this surface are
linearly independent and are given by

Do F([u],\) = o AL ([u], \)®, a=1,2 9)

The 15t and 2™ fundamental forms of the surface are expressible in terms of
U., A, only. The term integrable surfaces refers to surfaces associated with
integrable GMC eqgs.



Theorem 2 (A Fokas et al [2000], our formulation)

(The main result on the immersion of 2D-surfaces in Lie algebras)

Let the set of scalar functions {u*} satisfy an integrable system of PDEs
Q[u] = 0. Let the G-valued function ®([u], \) satisfy the LSP (4) of g-valued
potentials U, ([u], A). Let us define two linearly independent g-valued matrix
functions A, ([u], A) by the equations

Aa([u], A) = B\)DsUa + (DaS +[S, Us]) + prwgls. Dy =8y a=1,2 (10)

Here (1)) is an arbitrary scalar function of A\, S = S([u], ) is an arbitrary
g-valued matrix function defined on the jet space N, wg = R¥[u]0,« is the vector
field, written in evolutionary form, of the generalized symmetries of the
integrable PDEs Q[u] = 0 given by the ZCC (3). Then there exists a 2D-surface
with immersion function F([u], \) in the Lie algebra g given by the formula (up to
an additive g-valued constant)

F([u],\) = " (B(A\)Dr® + S + prwgd), where wg = R¥[u]dx. (1)
Links between the Fréchet derivatives and evolutionary vectors fields are

DU,

prOJR Ua = Tw

) Do .
R,  prugd = D—qua‘/, prwg = wr + DyR Oy,  (12)



Theorem 2 (A Fokas et al [2000], our formulation)

(The main result on the immersion of 2D-surfaces in Lie algebras)

F([u], \) = @71 (B(A)DA® + SO + pruwgd) .

The integrated form of the surface defines a mapping F : A” — g and we will
refer to it as the ST immersion formula (when S = 0,wg = 0)

FST([ul,A) = B(A)@7(Dx®) € g, (13)
the CD immersion formula (when g = wg = 0)
FCP([u], \) = o' S([u], \)® € g, (14)

or the FG immersion formula (when 8 =0,S = 0)
FrO([u],») = o7 (prwa®) € g. (15)



Immersion formulas for soliton surfaces

Let us consider the case when 5 = S = 0. The FG immersion function
associated with the generalized symmetries of the integrable PDEs Q[u] =0 is

F(u\) =022 R/ = 0" (prwgd) €9, =12
DoF([u],A) = 07T AL([ul, o, Aa([u],\) = 52 R = prwgUa € g,

(16)

Let us discuss the validity of the FGFI (16). A vector field written in evolutionary
form wgr defined on the jet space N

P )
prvm = A¥[ul 5 + (DJHk[u]) .

0
WR = Hk[U] ou
J

ouk’
is a generalized symmetry of the ZCC (3) iff

prwR(D2U1 - DiUs> + [U1, Ug]) = Dg(perU1) — Dy (perUg)

+[prwg Ui, Us] + [Us, prwgls] =0 (17)

whenever Q[u] = DoUy — DyUs + [Uy, Us] = 0. The expression (17) is equivalent
to the IDZCC
D2A1 — DAz + [Ay, Uz] + [Uy, A2] =0, As = prwpUa, a=1,2 (18)
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Immersion formulas for soliton surfaces

The Fréchet derivative of ® with respect to u* in the direction of R* can be
expressed through the prolongation of wpg, i.e. (D®/Du¥)R¥ =prwr®. Hence

Do

—1 k —1

F=¢ DU R" = ¢~ ' (prwg®) (20)
Differentiating (20) and using the LSP (4) we get

Do Do
D.F =D, (¢1£{Hk) = ¢! {UQDUKHK + D, <Dukﬁkﬂ (21)



Immersion formulas for soliton surfaces

Making use of the relations (19) and (20), we can write the 27 term in (21) as

D, <DukR ) = D, (prwg®) = prwr(D,P) (22)
Using the identity
prwgr(D,®) = prwg(U,®) + prwg(D,® — U, ®) (23)

we determine that the 2" term in (23) is not necessarily zero.
This term vanishes iff the vector field wg is also a symmetry of the LSP (4) in the
sense that

prwg (Dy® — U,®) =0, whenever D,¢ - U,®=0. (24)
Let us assume that (24) holds. Then from (22) we get
prwr(D,®) = prwr(U,®) = (prwgU,)® + Uy (prwg®)

- (DU& Rk> Y (D‘DRk) (25)

Duk * \ Duk ’



Immersion formulas for soliton surfaces

Substituting (25) into (21) and using (18) we obtain the tangent vectors D, F in
the form postulated by Theorem 1

Do Dy, Do
— o1 |_ k @ pk k
D.F = ¢ {Ua(DukR)Jr(DukR)JrUa(DukR)d)}

= ¢! <gg,‘: R") ¢ = o (prwgl,)® = 1A, ([u], \)®

Thus, under the condition that wg is also a symmetry of the LSP (4), there exists
a 2D-surface with g-valued immersion function given by

F = o~ (prwg®) € g. (27)

(26)

Hence the FG immersion formula is applicable in its original form.



Immersion formulas for soliton surfaces

Proposition 1: If the vector field wg is a generalized symmetry of the ZCC
associated with Q[u] = 0 and if two linearly independent g-valued matrix
functions are defined by the equations

A, = prwpU, + (prwg(Da® — U, ®))d ", a=1,2, (28)

then there exists an immersion function F of a 2D-surface which is governed by
the formula (up to an additive g-valued constant)

F([u], A) = 7" (prwg®) € g, (29)
consistent with the tangent vectors
Do F = o~ {(prwrUs,)® + prwg(Da® — U, ®)}. (30)
Proof. The IDZCC
DoAy — Dy As + [Ar, Us] + [Uy, Al =0

are exactly the compatibility equation for (30) with A, given by (28) and so the
immersion function F exists and is given by (29), up to an additive g-valued
constant.



Application of the method

The construction of soliton surfaces requires three terms for an explicit
representation of the immersion function F € g:

1. AnLSP D, — U, ([u],\)® =0, o = 1, 2 for the integrable PDE.
2. A generalized symmetry wg = R¥[u]0,« of the integrable PDE.

3. A solution ¢ of the LSP associated with the soliton solution of the integrable
PDE.

Note that item 1 is always required. In its presence, even without one of the
remaining two objects, we can obtain an immersion function F.

1. When a solution ¢ of the LSP is unknown, the geometry of the surface F can
be obtained using the non-degenerate Killing form on the Lie algebra g. The
2D-surface with the immersion function F can be interpreted as a
pseudo-Riemannian manifold.

2. When the generalized symmetries wg of the integrable PDE are unknown but
we know a solution ¢ of the LSP then we can define the 2D-soliton surface
using the gauge transformation and the A-invariance of the ZCC

F = o7 "(B(A\)D\® + S), (31)



Application of the method

Equation (31) is consistent with the tangent vectors
D.F = B(A\)® 1 (D\U,) + o7 (Da S+ [S, Un])®. (32)

In all cases, the tangent vectors and the unit normal vector to a 2D-surface
expressed in terms of matrices A, A> € g are

o1 [A1 s A2]¢

Gt Ay <0 T )

D.F=0o""A ¢ eg, N =

Ay = BN (DAUL)+(DaSH[S, Us))+prwrUs+(prwp(Da®—U,®)o~ " a=1,2
(34)
The first and second fundamental forms are given by

I = gjdx;dx;, Il = bjdx;dx;, i=1,2 (35)

where . .
gij = Eetr(A,-Aj) bj = Etr((D,-A,- +[AL, U]N), e==£1. (36)



Application of the method

This gives the following expressions for the mean and Gaussian curvatures

H = % {tr(Ao)tr((Ds As + [A1, Us)N)
78”(A1A2)’[I’((D2A1 + [A1, UQ])N)
+tr(ADtr((D2A2 + [A2, U2])N) }

K = X {tr((Ds A + [A1, Us])N) (37)
tr((D2A2 + [Az, U2])N)
—2tr?((D2A1 + [Ar, Uz])N) }

A = tr(A2)tr(A3) — 4tr(ArAy),

which are expressible in terms of U, and A, only.



Conformal symmetries and gauge transformations

Proposition 2: A symmetry of the ZCC (3) of the LSP associated with an
integrable system Q[u] = 0 is a A-conformal symmetry iff there exists a g-valued
matrix function (gauge) S; = Si([u], A) which is a solution of the system of
PDEs

D,Si + [S1, Us] = B(AN)DrU,. a=1,2 (38)
Outline of the proof. (=) The linearly independent matrices
Aa([UL)‘):6(/\)D)\U(x([u]7>\) €9, a = 172 (39)

associated with the A-conformal symmetry of the ZCC (3) satisfy the IDZCC
D>A1 — D1 As> + [A1, U2] + [U1 R A2] =0 (40)
and the corresponding ST immersion function is

FST([u], A) = B(A)®™'Dy® € g, (41)



Conformal symmetries and gauge transformations

with linearly independent tangent vectors
Do FST = B(A)0" (DA Ua)®, a=1,2. (42)

Any g-valued matrix function can be written as the adjoint group action on its Lie
algebra. This implies the existence of a matrix function S;([u], A) € g for which
the STIF (41) is the CDIF, i.e.

FOP([u], \) = &~ 'Sy([u], \)® € g, (43)
with tangent vectors
D.F = o7 1(DaSi +[S1, Ua])®,  a=1.2 (44)

By comparing the tangent vectors (42) and (44) we obtain the system of PDEs
(38).The system (38) is a solvable one since

B(A)D2(D\Ur) — B(A)D1(DAUz) — [B(A)DAUz — [Si, U], Ur] =[S, D2Ui]
+[B(>\)D)\U1 . [81, U1], Uz] + [81, Dy Uz] =0,
(45)
is identically satisfied whenever the ZCC (3) and the system of PDEs (38) hold.
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Conformal symmetries and gauge transformations

So if we can find a gauge Si([u], \) which satisfies the system of PDEs (38),
then the STIF (41) can always be represented by a gauge.

(<) Conversely, comparing the immersion formulas (41) with (43) we find a
linear matrix equation for ¢

Dy = ([u], \)®. (46)

1
—S
By~
If the gauge Si([u], A) is known, then by solving (46) we can determine ¢ and
obtain the STIF for 2D-soliton surfaces. Hence, the STIF (41) is equivalent to
the CDIF (43) for the gauge S;, which satisfies the system of PDEs (38),

Do St + [S1, Uz] = B(A)DaUa, a=1,2 O



Generalized symmetries and gauge transformations

Proposition 3: A vector field wg = R¥[u]0, is a generalized symmetry of the
ZCC (3) associated with Q[u] = 0 iff there exists a g-valued matrix function
(gauge) S, = Sx([u], \) which is a solution of the system of PDEs

D.Ss + [S2, Uy] = prwgpU, + (prwg(Da® — U, ®)) @~ 1. a=1,2  (47)

Outline of the proof. (=) An evolutionary vector field wg is a generalized
symmetry of the ZCC (3) iff

prwR(D2U1 — DU + [U1, U2]) =0, (48)

whenever
DUy — DyUz + [Uy, Uz] = 0. (49)

Eq (48) is equivalent to the IDZCC (6), with two linearly independent matrices
Ao([ul,\) = prwgU, + (Prwp(Da® — U)o ' cg, a=1,2 (50)
which identically satisfy the IDZCC
D: A1 — Dy A + [Ay, Us] + [Us, As] = 0.



Generalized symmetries and gauge transformations

An integrated form of the FGIF associated with the vector field wg and the
tangent vectors are given by are given by

FFG([U],)\) = cb*1(prw,q¢) € g, DaFFG([U],)\) _ ¢’1Aa([u],)\)d>. (51)
A.([u], ) = prwpU, + (prws(Da® — U, ®))o~"

Any g-valued matrix function can be written as the adjoint group action on its Lie
algebra. This implies the existence of a matrix function Sx([u], A) € g, for which
the FGIF (51) is the CDFI

FOP([u], \) = " Sp([u], )® € g, (52)
with tangent vectors
DoFP = &7 '(DySo 4 [S2, UL])®, a=1,2. (53)



Generalized symmetries and gauge transformations

By comparing the tangent vectors (51) and (44) we obtain the system of PDEs
(47). The system (47) is a solvable one, since

[S2, DoUy — DyUs] + [[S2, Uh], Us] — [[S2, Us], Us] =0, (54)

which is identically satisfied whenever the ZCC (3) and (47) hold. So if one can
find a gauge S» which satisfies (47), then the FGIF (51) can be represented by
a gauge.

(<) Conversely, comparing the immersion formulas (51) and (43) we find

prwg® = Sp([u], \)® (55)

If the gauge S, is known, then by solving (55) we can determine ¢ and obtain
the FGIF for 2D-surfaces. Hence, the FGIF (51) is equivalent to the CDIF for the
gauge S,, which satisfies the system of PDEs (47)

D.Ss + [S2, Uy] = prwrpU, + (prwg(Da® — U, )0,



The Sym-Ilafel iImmersion tormula versus the
Fokas-Gel'fand immersion formula

Proposition 4: Suppose that the gauges S; and S, are the two g-valued matrix
functions which are solutions of the systems of PDEs

D, St +[St1, Ua] = B(A)Da U, a=1,2,
D,S> + [Sz7 Uu] = prwrU, + (prwR(Daq) _ U(XCD)) (1)717

respectively.

If the gauge S, is a non-singular matrix then there exists a matrix (S; - 82‘1)
which defines a mapping from the FG immersion formula (51) to the ST
immersion formula (41)

(56)

1
B(A)
Alternatively, if the gauge S; is a non-singular matrix, then their exists a matrix

(Sz- 81_1) which defines a mapping from the ST immersion formula (41) to the
FG immersion formula (51)

prug® = B(A)(Sz2 - S7 1) (Dr®). (58)

Do = (S1 - S; ") (prwrd). (57)



The Sym-Ilafel iImmersion tormula versus the
Fokas-Gel'fand immersion formula

BN)(DA®) = S1S, " (prwr®) (57)

Proof. Equation (57) is obtained by eliminating the wavefunction ¢ from the
right-hand side of equations

ﬁ()\)DACD = S1<|)7 pl’wR(D = SQCD, (59)

respectively. So the link between the immersion functions FST and FF@ exists,
up to a g-valued constant gauge. O



The Sym-Ilafel iImmersion tormula versus the
Fokas-Gel'fand immersion formula

FST =B\~ (Dro) € g

y ‘

veG Si0S;" Sy 08"

SQEQ

Y
FFG = &~ "(prwg®) € g

Figure: Representation of the relations between the wavefunction ¢ € G and the
g-valued ST and FG formulas for immersions of 2D-soliton surfaces.

Si =B\ (Dr®)e~, S = (prupd)d! (60)

To conclude, in all three cases we give explicit expressions for 2D-soliton
surfaces immersed in the Lie algebra g and demonstrate that one such surface
can be transformed to another one through a gauge.



The CPN-' sigma model and soliton surfaces
Consider the CPN=1 model in terms of a rank-one Hermitian projector P

[0.0_P,P] = 0x = 3(01 + i0y)

P2 = PT P, trP =1 01 = 5'& , 0o = 852 (61)

We assume that the model is defined on the Riemann sphere S? = C U {0}
and that its action functional is finite. There exist raising and lowering operators
M. of solutions of (61) and any solution can be expressed as a raising operator
acting on the holomorphic solution

(0+P)P(0<P)
0 for (9 P)P(05P) = 0
N_(Px) = Pk_1, My (Px) = Py, Z P; =1, Py P; = 6Pk

The generalized Weierstrass formula for immersion (GWFI) of 2D-surfaces in
su(N) is defined by

Fi(&,6) = i/(—[aPk, Py]d¢ + [0Px, Px]d€) € g, 0<k<N-1. (62
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The CPN-' sigma model and soliton surfaces
The LSP is given by

Oa®k = Uak®k, Uak = ——~[0aPk, Pc], (Uik)" = —U2k, 0<k<N-—1

1+ )\
(63)
(where a = 1,2 stands for £) with solution & = ®([P], \) which goes to the
identity matrix Iy as A — oo
d>:]IN—|— 22, T Pk€SUN),  A=it, teR (64)

For the surfaces corresponding to the projectors P, the integration of the GWFI
is performed explicitly

k—1
, , 2k + 1
Fi = —i (Pk + QZ P,) + ickIy € su(N), Ck = I\Jlr , (65)
j=0

and satisfies the algebraic conditions

[Fk — iCkHN][Fk — i(Ck — 1)HN][Fk — i(Ck — 2)]1[\/] = 07 2(71 )ka =0. (66)



The CPN-' sigma model and soliton surfaces

We express the model in terms of elements of the su(N) algebra instead of Py

0k = i <Pk — /1/]IN> S 5u(N) (67)
with algebraic restriction
(2—N 1-N
ek-ak:f/( N )ok+( N )HN@P,f:Pk. (68)

The Euler-Lagrange equations become (for simplicity we drop the index k)
Qi) = [(02 + 88)0,0) =0,  j=1,. N> —1 (69)

where [-, -}/ denotes the coefficients of the j basis element ¢ for the su(N)
algebra. The potential matrices U, expressed in terms of 6 are

U= 2, (006 Noab.B) € su(N),  A=it.  teR
I>\[a1 67 6] + [8207 9]) € Su(N).

-2
V=il



The CPN-' sigma model and soliton surfaces

Expressing the wavefunction @ in terms of 6 € su(N), we get

N
o([0], A) = In + (14_%2 UACE % <1]IN - io) e SU(N)  (71)
j=0

N
_00(E - i0)00 _00(E - i0)90 1
n-(0)= tr(00(€ — i0)00)’ 4(6) = tr(00(€ — i0)00)’ £=xlv (72)

For any functions f and g, the E-L egs (69) and its LSP (63) (with the potential
matrix (70)) admit the conformal symmetries

. 10 )
we, = f(f,-)61 0 + g(f/)agej w, i=1,2. (73)
The vector fields w¢, are related to the fields
) 0
— (5 Ny

«

i=1,2 (74)

which are confomal symmetries of the LSP (63). The integrated form of the
surface is given by the FG formula

F([6],\) = &~ (f(&1) Uy + g(&2)Us) @ € su(N). (75)



Soliton surfaces associated with the CP' sigma model

The simplest solutions of the CPV~' model constitute the Veronese sequence

12 12 :
f= 1,<N 1 ) z,...,<N 1 ) zZ . 2N, Pk:fk®f,
1 r f/jfk

z=x+1yeC, fxs1 = (In — Px)Of, 0<Kk<N-1. (76)
The only solutions for which the action of the CP! (N = 2) model is finite are
holomorphic Py and antiholomorphic P; projectors.

Hhf] 1 1 z B

PO = ij—foo — W ( > |Z|2 R fO = (1,2)7 k — O
) 2 2 (77)

_ f1®"1T _ 1 |Z| —Z _ _
Pr="mr =, 1 ) = P)oh, k=1
The integrated forms of the surfaces are given by
. ; 1|z = 1) 4

Fo = i(312 — Po) = 1132 ( 2l : » ) € su(2),

“ -z p(1-12f) 78)

Fi = —i(P1 + 2P()) + %H2 = Fp.
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Soliton surfaces associated with the CP' sigma model

The potential matrices U,x become

Uo=Un =g ( 1 3 ). A=t k=0
U20:U21:()\_1)(12+|22)2<__222 ;), teR, k=1, (79)
(Uik)t = —Usx.
The SU(2)-valued soliton wavefunction @ in the LSP take the forms
®o = JW ( _t;,lz i+t+(tt7—l:i)\z|2 > 4 k=0,
AP 20z (80)
&y = 1+1W ( 7ét/(_£2/)z 1+t2$(_ti)j)2|z\2 ) ’ k=1
(t+4)? (t+4)?

Let us consider separately four different analytic descriptions for the immersion
functions of 2D-surfaces in su(2) which are related to four different types of
symmetries.
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1. The Sym-Ilatel formula for immersion (conformal
symmetry in \)
The ZCC of the CP' model admits a conformal symmetry in the spectal
parameter \. The tangent vectors D, FS" associated with this symmetry are
given by
D FST = —id, " (D\Usk)®k,  where J(\) =i, a=1,2, k=0,1

are linearly independent. The integrated forms of the 2D-surfaces in su(2) are
given by the ST formula

Fo™ = —idy " (Drx0) = rmyierzpy

( CZP[2 — 3+ |zP(1 + )] Z[(t+ i)+ |z2(3 + 2it + £2)] > K—0
z[(t — ) 4 |z[2(8 — 2it + 1?)] |Z|?[t? — 3 + |z[2(2 + 1)] ’ -

—[(+1)(1+2|2|*) +3|z|2(t2 — 3)] Zz[6it — 5+ 1> + |z]>(7 + 6it + 1?)]
z[t2 —6it — 5+ |z|2(7T+ 2 —6it)]  (P+1)1+2]z1*) +3|z2(t2-3) )°

(81)
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1. The Sym-Ilatel formula for immersion (conformal
symmetry in \)

The surfaces F2T have positive constant Gaussian and mean curvatures and
are spheres (see Fig. 2a)

K=H=A4. (82)
The su(2)-valued gauges S?' associated with the STIF F7 are
—|z?
-2 (] _
SST (D)\CDO) = TE ;‘ |Z\Q k=0,
(t+i0)? 2+1
—(1+42|z3)  Z(t+i)? (83)
ST _ -1 _ -2 21 —n4 _
Si (Dkq)‘)(b IREREE z(tiri)z 1(+2|I;\2 ) k=1,
(t+* 21

detS7T #£0,  trSPT =0.
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0.0

o1 0.5

For CP' model we have (FST)2 + 11, = 0, k = 0,1 and FST = —i Y% _, Xakoa
= X2+ X2, + x2 = 1, spheres. (In what follows we use coordinate notation

ST _ X y 1-x2—y2
(x,y) on a surface) " = {1 T y2 T4 X2 +y2 2(1 + X2 + y2)
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2. The Fokas-Gel'fana formula for immersion (scaling
symmetries)

The surfaces F} € su(2) associated with the sclaing symmetries of the CP"
model

wi = (D1(2Usk) + Z(D2U1k)) 527 + (2(Dy Uzk) + D2(ZUsx)) 222, (84)
have integrated form
F? = & "(z2Uik + 2Uo)®k,  k=0,1 (85)
(where U, is given by egs (79))The surfaces F/ also have positive curvatures
Ky = Ky = —4)2, Ho = Hy = —4i), ix eR. (86)
but are not spheres, since they have boundaries (see Fig. 2b). The su(2)-valued
gauges SJ = (prw{®,)d, ' associated with w{ are given by
2it|z|? iz[i —t+ |z)?(t + i)] )

g_g9_ ___ 2
So = S = @riieee ( Z[1 =it + |z[2(1 + it)] —2it|z|*

where detS} # 0.



x3 —2x2y + x(y? —1) —2y(1 + y?)

9

inenid: F9 —
A part of ellipsoid: F; = ( (1+x2 1 y2)2

24y Y-+ 2x(14y?) 20 +yP)
(1 + X2 + y2)2 C( xR
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3. 'he Fokas-Gelfana formula for immersion
(conformal symmetries)

The surfaces associated with the conformal symmetry
wi = —gk(2)0 - (2)0,  gk(2) =1+,
have the integrated forms
Ff =& (Uk + Uak)®x,  k=0,1

where
Uio + Uzo = Uyt + U2y = W
2z +i(t+)(z+2) -1 —it+iZ%(t+1)
< 14+ 2240t(2-1) —[2z4i(t+i)(z+2)] >

The surfaces F¢ have the Euler-Poincaré characters

= / 99In[tr(0Py - 9Py )] dx" dx? = 2
82

™

and K > 0 means that F¢ are homeomorphic to ovaloids (see Fig. 2c).



X2 —1-4xy—y? 201 +x2+xy—y?)

5 i

A cardioid surface: F{ = < (11 x2 1 y2)2

2(2x —y)

(14 x2+y2)?
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3. 'he Fokas-Gelfana formula for immersion
(conformal symmetries)

The su(2)-valued gauges Sy associated with wf take the form

8§ = (Proco)®y " = ey
—i(1=)(t=z+A+)(A—i)z  (A=D(A+it)+(1+)(1—it)z?
241 (t—0)2 k=0
iA+i)(t+)—(1 =) 22 (1) (=N +i)z+i(1+i)(t+i)Z ’ -
(t+0) [N
(92)
810 = (prwc¢1)¢?1 = ﬁ

—i(1=i)(t=)z+(1+)(1=it)z (DRI =N +i)+(1+i)(1—i) 2]

241 (t=i* k=1
i(t—i)2[(1+0) (1) —(1—i)(t—1)Z?] (1=N(A+it)z+i(1+)(t+1)Z ) -
(t40)* 2+1

where detSy, # 0.
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4. The Fokas-Gelfana formula for immersion
(generalized symmetries)

The surfaces associated with the generalized symmetries

wf = (D2Usk 4+ DUy + [D1 Usk, Usk] + [D2Usk, Ui]) 52
+(D3Uzk + DEUok + [D2Usg, Uzk] + [D1 Uzk, Uak]) 592,  k = 0,1

(where U,k is given by egs (79)) have the integrated form
FFG = o (prwfok) = o' (D1 Usk + DoUsk) Ok
consistent with the tangent vectors
DiFfG = o, (prwf U)ok
= &, ' (D2Uik + D3 Uik + [Dy Usk, Urk] + [D2 Uik, Usi]) x,
DoFfC = &, " (prwf Uay )k
= &, ' (D2Uox + D5 Us + [D2Usk, Uak] + [D1 Usk, Unk]) k.

The surfaces F,fG have K > 0 and y = 2 and they are homeomorphic to
ovaloids.

(95)
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4. The Fokas-Gelfana formula for immersion
(generalized symmetries)

The su(2)-valued gauges SF¢ associated with wff have the form

SEG = (prwfio,)e ; = D1Uik + DaUoy = W
—Z2(1+it) +22(1 —it) Z3(1 —it) + z(it + 1)
—iZ3(t— i) +iz(t+10)  z2(1 +it) - Z2(1 —it)

where det SfG # 0.
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0.5 i+

€30.0 i

Fra_ x3 —6x%y — x(1 4+ 3y?) +2y(1 + y?)
2x° +y +3x%y — y® + x(2 - 6y?) 2(x2—4xy—y2)>

(1+x2+y?)3 T (x4 y2)
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Links between FG and ST immersion formulas

The mapping
M, = SgT(SEe)~",  k=0,1

from the FG immersion formulas to the ST immersion formulas are given by

My = S(\)S‘T(S(I):G)—1 — 1

2(2+1)
—2iB(t=D)+2[(t+)P+|z2(B41)]  Z[(t+)PH(P+1)|z|P+2(1+it)]
(t=1) t—i
( _[23(1+12)+z22(1l—it)+z(t—i)2] z(r—i)2+\z|2z(t21+1)+2/z3(t+/) )v
t+7 Z(t+7)
My = SFT(Sf0) " = 5lp
—(142|2%)  (i+t)?z
2+1 (t—0)4
2(t—i)? 14+2|z)?
(t+0)* 241

Bit+ 1)+ iz =221 +it) + (1 —it)Z?
where det My # 0.

( 23t + 1)+ 22(it = 1) —z(it + 1)+ 23(it — 1) >
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Links between FG and ST immersion formulas

Conversely, there exist mappings from the STIF to the FGIF
M5! = SE(SST) " = i

(1+]z]2)3
(t—N)2z+(1+82)|z]Pz42(it—1)2°  2(1+i)Z2+(i+1)2Z2+(1+1°)[2|?Z?
(i+hz (i-hz k=0
(t—iP22+(1+82) 222 +2(1—i)22  —2(1+it) 2 +(i+1)°Z+(1+12)|z)22 | -
(+hz -z

-1 _ QFG{QST\—-1 _ 2
My = S7%(S?) 7 = ez

—2(A i) +22(1—it) (1 —it) + z(1 + it)
( =Z2(V +it) + 2(it = 1) Z2(1 +it) — 22(1 — i) > .

(1421221 + it)(i + 1) iy .
_' _‘ 4 . . -
A=) (1+2|zP)(1 — it)(—i + 1)

where det M, ' # 0.
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Applications to ODE’s written in the Lax form 1.

Consider an ODE in the independent variable x
Alu] = A(x, U, Uy, Uy, ...) = 0, (97)

which admits a Lax pair with potential matrices L(X, [u]), M(), [u]) taking values
in a Lie algebra g. These matrices satisfy

DM + [M, L] =0, whenever Afu] =0. (98)

This Lax representation (98) can be regarded as the compatibility condition of
an LSP for a wavefunction ¢ taking values in the Lie group G

Do (A, y, [u]) = LA, [u)o(A, y, [U)),
Dy®(A, y, [u]) = MOA, [u)®(A, v, [u])-

Here, we have introduced an auxiliary variable y in the LSP for which
DyL = D,M = 0. (100)

(99)



ODE’s for elliptic equations

Consider a second-order autonomous ODE

1 d
Uxx = Ef’(u), f'(u) = %f(u) & uy = e/ f(U), €= =+1, (101)
with solution g
e/ f(u)
The ODE (101) admits a Lax pair with potential matrices
1| 0 [ _ f(W=g() u _ fw)—g(\)
L= _ U Wy |, M = x utX € sl(2,R).
2| 1 0 u-+A —Uy
(103)
The choice
detM = —g(\) = f(—)\) (104)

make L and M polynomial in u, whenever f(u) is polynomial in u.



Wavefunctions

The solutions of the wavefunction which satisfy the LSP are denoted by

Oy bip
b= L(2,R
[<D21 ¢22}€S(7)

with components

Sp1 = 1Py + 0Py, k=1,2
P2 = 3Py + CaPy, ¢ €R, i=1,2,3,4

and where

® - g(>\)+uxw
1ﬂ:—ﬁ +

du
im<y+€/2(uH)f(U)ﬂ

Here the choice of e comes from uy = e/f(u). The requirement that
o € SL(2,R) implies

1 1
Cy :cgz§, 03:—04:—5\/9()\).

q)g:t =Vu-+ )\\Ui,

Vv, =exp

(105)

(106)

(107)

(108)



Symmetries of ODE’s associated with elliptic functions
Consider a vector field in the evolutionary representation
0
Vg = Q[u]% (109)

which is a generalized symmetry of the ODE (101) iff

1

1
prvo(uy — =f'(u)) =0, whenever Uxx — =f'(u) =0,

2 52 5 (110)
= —_— D —_—
prvg = Q[u] 50 + JoaUJ
holds. The determining equation for Q is
1 1
D2Q - Ef”(u)Q =0, whenever Uy — §f’(u) =0. (111)
The following characteristics Q;’s are solutions of the determining equation
Qi = Uy Qs = Uly + XU — TX2Uy
Qo = uy [ f(u)®/2du Qs = 2 — 3xuuy — 3xPu+ §xPuy
Qs = Xxuy +yu  when f(u) = ¢ + U/, I = —2(1 +%), 7,6 €R

(112)



Case Q» = uy [ f(u)~3/2du, f(u)-arbitrary function

Vo, — og[u]%, Qo] = Uy / f(u)~32du

is a symmetry of an elliptic equation (101) but it is not a symmetry of the LSP
since the action of prVg, on the LSP

_ Ux
Prva,(Dx® = L) = siviayma™ [‘(w W) g TR - v
o 0

— Ux
pric,(D,® — M) = ——trsA, v,
(113)

does not vanish for all solutions ¢ of the LSP. Thus, there exists an
sl(2,R)-valued immersion function

F% = o~ (prvg,®) € sI(2,R) (114)
with tangent vectors
DyF% = o1 [(prvg,L)® + prvg,(Dy® — LO)],

0 (115)
DyF P=0 [(prVon)q’ + perz(Dy(b - M(D)] )
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Surfaces associated with Jacobi elliptic functions

@B=(1-?)(k +kot?), K2P+k2=1, 0<kkK <1 (116)
ki | ke | Solution of (116)
1 | —K? sn(x, k)
k2 | K2 cn(x, k)
—k? | 1 dn(x, k)
Choosing
gN) = F(=2) = (1 = 2®)(ki + k2)?) (117)

the matrices L and M become
L 1 |: 0 —3k2U2 + 2 Ko + k1 — ko — k2)\2
21 0

2
Uy (U= N[ka(U? + )2) + ki — ko]
u+A —Uy

} € sl(2,R)
(118)

M= [ ] € sl(2,R)



(VIN) -V (I +u)V - (VI +uVY - — (v g(N)—u)V4)

¢ = 2vuth 2/ gMVuE (119)
VUL W) VUFA(Y_ V)
2 2\/g())

where I is an elliptic integral of the 3rd kind

V. = exp [x/g(A)(y +I(u, A))] :

1 1 -k
M(U0) = $ M 350/ 75) (120)

Lt (R — 2R (ke — Ki)N? + 2k )
2,/9(N) 2./9N)V( — ?)(ki + kal?)
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Surface F € sl(2,R) for u = sn(x, k) with g(A\) < 0, \=1.2and x,y € [-9,9].
The axes indicate the components of the immersion function F in the e; basis of
sl(2,R). F admits a simple pole
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Application to ODE’s written in the Lax form 2

Suppose now that the dependent functions x*(t) depend only on t. The
matrices U are functions on the jet space defined by t and x*(t) and the other
independent variable, which here takes the form of a spectral parameter A. In
this case, the ZCC is equivalent to a system of ODE’s

QIx] = DU ([x], A) = Dd?([x], 2) + [ ([x], 2), U([x], M)] = 0, (121)

where 5 5 5 5
Dt:E+X[a+X{{a+...7 D)\:a

The theoretical considerations are illustrated via surfaces associated with the
Painlevé P1 equation.

(122)



Painlevé P1 surfaces

Here, we present surfaces associated with the Painlevé equation P1

Q[x] =x¢ —6x> —t=0 (123)
The LSP for P1 is given in terms of the potential matrices [Jimbo Miwa 1981]
D = U'o D\® = U?o
0 \2x —X 2)\2 +2xA\ +t+2x2
1 _ 2 _ t
u _{1 0 } u _{Z(Ax) X € sl(2R)
(124)

which satisfy the ZCC

Qx] = D\U" — DUP + U UP] = (xz — BX° —t)er, e = ( 8 3, ) (125)



Painlevé P1 surfaces

Consider the surface F associated with the conformal transformation in the
spectral parameter (the ST formula)

F = o7'(Dy®) € sl(2,R) (126)
The tangent vectors to the surface F are determined via A', A
DiF =o' (DU Yo, A =DU' = ( 8 (1) ) €sl(2,R) (127)
DiF - Due.  a-Dut- (5 PP )euar 1z
The 1st fundamental form associated with the surface F is
I(F) = 2dtd) + 4(x + 2))d\? (129)

Note that the tangent vector D;F is an isotropic vector.



Painlevé P1 surfaces

In the moving frame defined by the (nonconstant) wavefunction ¢, the normal to
the surface is constant
N=0o"e;0 csl(2,R) (130)

and so the image of the surface F, written in this moving frame, lies in a plane.

The 2nd fundamental form and the Gaussian and mean curvatures for F are
I(F) = —df? + 4(x — \)dtdx + 2(4x% 4+ 4 x + t — X\2)d )2
K(F) = 2(6x% + t) = xy (131)
H(F)=2(2x+ \)

Note that the Gaussian curvature does not depend on A and the sign of the

second derivative of the solution x; of P1 determines whether the points of F
are hyperbolic, elliptic or parabolic.



Painlevé P1 surfaces

The umbilic points of F are determined by
H? — K = 4(2x + \)? — 2x;t = 0, Xit = 6X2 + t (132)
which are exactly the curves

Xit 1/2

2)

There are no umbilic points in the hyperbolic domain where x; < 0. (i.e. K < 0)
t=2(\2+ x2 + 4)x)
X=—2\£ J5(6) + 1)/

— _ox 4+ ( (133)

(134)

The Laurent series solution of P1 diverge along the curve

22x + A2 —(6x2+1) =0 (135)



Concluding remarks

1. We have adapted the Fokas-Gel'fand procedure for constructing soliton
surfaces associated with DEs admitting a Lax representation.

2. We have established the connections between three different analytic
descriptions for the immersion functions of 2D-surfaces, derived through
the links between three types of symmetries: gauge symmetries of the
linear spectral problem, conformal transformations in the spectral
parameter and generalized symmetries of the integrable system.

3. We have shown that the immersion formulas associated with these
symmetries can be linked by gauge transformations.

4. The procedure was applied to the CPN~" sigma model, and for the elliptic
and Painlevé P1 equations.



Future perspectives

1. To use ODE surfaces to approximate PDE surfaces, using group invariant
solutions of the integrable PDE. To expand general solutions near group
invariant ones through variation of parameters.

2. To use recurrence operators of generalized symmetries of an integrable
nonlinear PDE to obtain recurrence relations for surfaces.

3. To investigate how the integrable characteristics, such as Hamiltonian
structure and conserved quantities, are manifest in the surfaces.

4. To employ the variational problem of geometric functionals, i.e. the
Willmore functional interpreted as an action functional

W(F) = %/Qtr(”;'-lz)\/gdfdg_, QccC. (136)

to compute the class of equations which are determining equations for the
surface (the Euler-Lagrange equations).

5. To develop computer techniques for the visualization of mathematical
formulas. A visual image of a surface reflecting the behavior of a solution
can be of interest, providing some clues about the properties of this
surface, otherwise hidden in some implicit mathematical expressions.
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Thank you for your attention.
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Appendix Al: Preliminaries on classical ana

generalized symmetries

X3 x=(X1,....,X), U u=(u', ..., u9) are spaces of independent and
dependent variables, respectively.

J7 = J"(X x U) is the n-jet space over X x U.

The coordinates of J” are given by x,, u* and

n,k
K _ o"u

_7= 137
W= o, ox, (137)

J = (j1,..-,Jn) is @ symmetric multi-index. On J” we define a system of PDEs

Q“x,u™=0. p=1,..m (138)
A vector field v tangent to J° = X x U is denoted by
0 0
— K e — = —
v = E¥(X,U)0q + " (X, U)Ok, where 9, = X’ Ok DUk (139)

priMv on J" is a truncated formal series

pr(n)v = £99, + @58%15

N (140)
o= DR €, RE = g - g,



Appendix Al: Preliminaries on classical ana
generalized symmetries

The total derivatives are

0
Do = 04 +uJaauk7 a=1,...,p (141)
J

and R* are the so-called characteristics of the vector field v. The representation
of v can be written equivalently as
0
ouk
The vector field v is a classical Lie point symmetry of a nondegenerate system
of PDEs (138) iff its n-th prolongation of v is such that
prMvQi(x, M) =0, pu=1,..m (143)

whenever Q*(x, u(™) = 0, u = 1, ..., m are satisfied. Every solution of PDEs can
be represented by its graph, v = 9"(x), which is a section of J°.

v =_£°D, + whg, = RF— (142)



Appendix Al: Preliminaries on classical ana
generalized symmetries
If the graph is preserved by G (equivalently, vectors form g are tangent to the
graph) then the related solution is said to be G-invariant

Qx,0) =0,  k(x,0)—€5(x.0)0%, =0, a=1,..r (144)

A generalized vector field is expressed in terms of the characteristics
wR = Rk[u]% where [u] = (x,u) € J"(X x U). (145)
The prolongation of an evolutionary vector field wg is given by

)
Prwg = wg + DJRKW. (146)
J

A vector field wg is a generalized symmetry of a nondegenerated system of

PDEs (138) iff
prwrQ*(x, uM) = 0, (147)

whenever Q(x, u(™) = 0 and its differential consequences are satisfied.



Appendix A2: Surfaces associated with CPV~! models

The surfaces are defined by a contour integral

F&.8) =1 [ (~loP. Pid + [P, Plad) (148)
vy
The Euler-Lagrange egs are
d[oP, P] + 0[0P, P] = 0. (149)
The action integral is
/ LAEdE =tr(OP-dP),  with PP =P, Pt = P. (150)

Eq (149) ensures that (148) is an exact differential. The mapping of Q ¢ S? into
a set of su(N) matrices

Q5 (6,8 (6.8 esu(N)~RV ", 0<k<N-1 (151)

is the GWFI of 2D surfaces in RV~ 1.



Appendix A2: Surfaces associated with CPV~! models

The target spaces of the projectors Py are 1D vector functions f (¢, &) € CV,
constituting an orthogonal basis in CV

., PxP,=6yPx  (nosummation), Pc=1In. (152)

All the projectors are obtained form P, whose target space is an arbitrary
holomorphic vector function (&), by the recurrence formulas

dPPOP OPPOP
—_— P =Ny (Py) = —=————-.
tr(OPPOP) ket = M (P) tr(OPPOP)

For the surfaces corresponding to Pk the integration is performed explicitly

Pr—1 =N_(Pyx) = (153)

k—1
1
—— P; oy I = —(1+ 2k). 154
Fi I(Pk+2/z(; /)+ICk N Cxk N( + ) ( 5 )
The inverse formulas

Pc=F2 —2i(ck — 1)Fx —cx(ck —2)Iy, O0<k<N-1. (155)
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